1. It is now widely accepted that genetic processes such as inbreeding depression and loss of genetic variation can increase the extinction risk of small populations.
| INTRODUCTION
Life can be challenging for the members of a small or sparse population (Fauvergue, Vercken, Malausa, & Hufbauer, 2012) . While many plants suffer from pollen limitation, animals may struggle to find mating partners (Gascoigne, Berec, Gregory, & Courchamp, 2009) or cooperators for hunting, defence and rearing offspring (Courchamp, Clutton-Brock, & Grenfell, 1999) . Individuals in small populations may also be more likely to be killed by a predator (Kramer & Drake, 2010; McLellan, Serrouya, Wittmer, & Boutin, 2010) . Moreover, small populations are at a high risk of going extinct due to random fluctuations in the number of birth and death events, sex ratio and environmental conditions (Fauvergue et al., 2012) .
In addition to these ecological problems, small populations can also experience a number of genetic problems, including inbreeding depression, mutation accumulation and the loss of genetic variation and evolutionary potential (Frankham, 2005) . While some small populations may only suffer from ecological problems, and some only from genetic problems, there may be many small populations suffering from both at the same time. For example, in metapopulations of the Glanville fritillary butterfly Melitaea cinxia small populations have reduced mating success and a higher emigration rate (Kuussaari, Saccheri, Camara, & Hanski, 1998) . In addition, there is evidence for inbreeding depression . Similarly, the rare Marsh Gentian Gentiana pneumonanthe, exhibits both pollen limitation and inbreeding depression (Oostermeijer, 2000) .
With the exception of demographic and environmental stochasticity, the above-mentioned ecological problems can cause a "demographic Allee effect", defined as a reduced average per-capita growth rate in small populations (Stephens, Sutherland, & Freckleton, 1999) .
The "demographic" indicates that population growth rate is affected and not just one fitness component. But since this study is only concerned with demographic Allee effects, we will simply refer to them as Allee effects in the following.
There are two types of Allee effect with qualitatively different population dynamics: weak and strong Allee effects (Taylor & Hastings, 2005; Wang & Kot, 2001) . Under a weak Allee effect, the per-capita growth rate is reduced but still positive in very small populations. Thus, populations of any size can survive. Under a strong Allee effect, the per-capita growth rate is negative for populations below a certain critical population size. In a deterministic world, populations starting out below this critical population size are doomed to extinction.
For a more realistic stochastic setting, Dennis (1989 Dennis ( , 2002 demonstrated that, independently of the form of stochasticity, a strong Allee effect leads to a characteristically sigmoid (S-shaped) graph of success probability, that is the probability to escape extinction, as a function of founder population size. Success probability first increases very slowly with increasing founder population size, then increasingly rapidly with an inflection point at the critical population size of the corresponding deterministic model, and then levels off as it is approaching one.
Neither a weak Allee effect nor demographic or environmental stochasticity alone produces such a signature. In these latter cases, success probability first increases rapidly with increasing initial population size and then levels off (Dennis, 2002) . Even in a stochastic setting, it is of course highly relevant for the management of an endangered or invasive species whether extinction risk gradually increases with decreasing population size or whether there is a specific threshold population size around which there is a sharp increase in extinction risk.
Although the importance of genetic factors in species extinctions has been questioned in the past, most prominently by Lande (1988) , it is now widely accepted that genetic processes acting in small populations do contribute to driving small populations to extinction (Frankham, Ballou, & Briscoe, 2002; Mills & Smouse, 1994; O'Grady et al., 2006; Spielman, Brook, & Frankham, 2004) . A number of times, such genetic processes have therefore been referred to as "genetic Allee effects" (e.g., Courchamp, Berec, & Gascoigne, 2008; Fauvergue et al., 2012; Fischer, van Kleunen, & Schmid, 2000; Willi, Van Buskirk, & Fischer, 2005) .
However, the original definition of the demographic Allee effect is based on the per-capita growth rate in small populations, and it is unclear how to apply this definition to situations with genetic change where per-capita growth rate is not a function of population size alone. Two populations of the same size (or even the same population at different time points) generally have different growth rates depending on their genetic composition, for example their level of inbreeding. Recently, Luque et al. (2016) proposed a formal definition of a genetic Allee effect as a two-step process, where a reduction in population size first leads to a change in the genetic structure of the population and, secondly, this change in genetic structure reduces a fitness component. However, the consequences of such a genetic Allee effect on population dynamics and extinction risk have not been studied so far. For example, it is unclear under what conditions genetic problems lead to a strong Allee effect.
Here, we employ the results by Dennis (1989 Dennis ( , 2002 to define and study genetic Allee effects at the population level. Our approach specifically targets strong Allee effects, that is those most relevant to the survival of a population. We define a "strong genetic Allee" effect as a genetic process that produces an inflection point (S-shape) in the graph of persistence probability as a function of initial population size.
With this definition, it is not a problem that the genetic composition and growth rate of a population change over time, but we need to keep in mind that all results will be relative to the genetic composition of the source population.
We focus on one important mechanism for genetic Allee effects: inbreeding depression due to recessive deleterious mutations (Charlesworth & Willis, 2009) . In large outcrossing populations, such mutations do not cause many deaths because almost all individuals are heterozygous. However, when such a population is suddenly reduced to small size, high relatedness between individuals can build up within a few generations, even with random mating. As a consequence, mutations are more often found in homozygous state, leading to a reduction in individual viability and population growth rate. Inbreeding depression can also be understood from the perspective of allele frequencies. In small populations, genetic drift is strong relative to selection. Therefore, some lethal mutations can drift to relatively high frequencies and thereby produce more lethal homozygotes before selection against them is efficient.
Laboratory experiments on mice and flies (Frankham, 1995) , field studies on a butterfly metapopulation , as well as previous modelling results (Mills & Smouse, 1994; Robert, 2011; Tanaka, 1997 Tanaka, , 1998 Tanaka, , 2000 , suggest that inbreeding depression can indeed contribute to driving populations to extinction. It is still unclear, however, whether the consequences of inbreeding depression can be described as a strong Allee effect with a critical population size. One complication is that recessive deleterious mutations are increasingly exposed to selection in shrinking populations. Thus, their frequency will decrease over time and, if the population does not go extinct, viability will eventually rebound. The population growth rate may then exceed that of larger populations that could not "purge" their deleterious mutations (Facon et al., 2011; Wang, Hill, Charlesworth, & Charlesworth, 1999) .
We consider a population that suddenly finds itself at small size or low density. This could be a small sample from a larger population introduced into a new habitat. But it could also be a long-term resident that just experienced a catastrophic crash in population size, or a subset of a larger population that was suddenly completely cut off from the rest of the population, for example by a newly constructed highway or canal. What is important is that the reduction in population size is too sudden for lethal allele frequencies to gradually adjust themselves to the new population size. Using a stochastic model for the population dynamics and genetics of such a population, we first determine under what conditions recessive deleterious mutations cause a strong genetic Allee effect that is a sigmoid success-probability curve.
Secondly, we characterize the interaction of ecological and genetic Allee effects acting in the same population.
| MATERIALS AND METHODS

| Model
We constructed a stochastic individual-based simulation model for the population dynamics of a small founder population (an introduced population or a resident suddenly reduced to small size), which may experience mate-finding difficulties and reduced viability due to recessive deleterious mutations (see Table 1 for a list of variables and parameters). Our model population is diploid, there are males and females, and reproduction is obligately sexual. We assume random mating such that any inbreeding is due to small population size (panmictic inbreeding rather than systematic inbreeding sensu Glémin, 2003) .
The simulation proceeds in discrete time steps. In each generation, events take place in the following order: mate finding, reproduction with inheritance of genetic material, and finally death of the parent generation and replacement by the offspring generation. 
| Properties of individuals
| Constructing the founder population
Each of the N 0 individuals in the founder population is independently and with equal probability male or female. The key parameter for the genetic composition of the founder population is the number of "lethal equivalents" in the source population, b. In general, one lethal equivalent represents either one fully recessive lethal mutation per haploid genome or a set of mutations of smaller effect or larger dominance that jointly cause the same amount of inbreeding depression. Here, 
| Mate finding
Independently of all other females, each female in generation t finds a mating partner with probability 1 − e −r⋅M t , where r is the per-capita encounter rate and M t is the number of males in generation t. Under the assumption that the time until the first encounter is exponentially distributed, this is the probability that a female encounters at least one male during its lifetime of one generation. We assume here that each female mates with only one male or equivalently that all her offspring is sired by the male she mated with first. For each female independently, all males have the same chance to be encountered first, that is they can also mate with multiple females. In Appendix S1, we explore an alternative model in which females can also mate multiple times, and in Appendix S2, we consider a hermaphroditic model.
| Reproduction
Each mated pair independently produces a Poisson-distributed number of offspring, X, with mean w, the fecundity parameter. For each of the X offspring independently, the sex is assigned randomly (male or female with equal probability) and the genotype is constructed by randomly drawing from the two parents' genomes according to the Mendelian rules and assuming free recombination between loci. That is, for each locus the parents pass on one of their two allele copies with equal probability. If an offspring individual receives a lethal allele copy from both mother and father at one or more loci, it is discarded as not viable. Thus, the number of offspring surviving to the next generation may be smaller than the initially drawn number, X. Since we are interested in the fate of a small population on a short time scale, new mutations should play a minor role and are neglected.
| End of the life cycle
At the end of each generation, all viable female and male offspring are counted to determine the number of females and males in the next generation, F t+1 and M t+1 . Finally, the individuals in the parent generation die and the offspring individuals become the new parents for the next generation.
| Simulations
To We ran these four sets of simulations for various parameter combinations. In each case, we simulated 1,000 colonization attempts each for population sizes between 5 and 995 in steps of five. A simulation run was stopped once the population either reached a size of 1,000
individuals, in which case we call the population successful, or went extinct. The proportion of successful populations will be a good proxy for long-term survival probability if we can assume that populations reaching 1,000 individuals will keep growing and not succumb to inbreeding depression at a later stage. By repeating simulations with a target size of 2,000 individuals, we confirmed that this assumption is indeed reasonable.
To explore ranges of parameter values that are most meaningful for natural populations, we considered empirical estimates for the number of lethal equivalents, b. These estimates are generally based on the slope of the relationship between inbreeding coefficient and the logarithm of viability (Morton, Crow, & Muller, 1956 ; see also Appendix S3). In a meta-analysis by O'Grady et al. (2006), the average value of b for birds and mammals was estimated to be around six. However, there appears to be wide variation among species (see O'Grady et al., 2006 ; Table 1 and references therein), and also among environments, with higher values of b in more stressful environments (Liao & Reed, 2009) . By considering values of b up to 12, we should represent most of the range observed in natural populations.
Unfortunately, the genetic architecture underlying a certain number of lethal equivalents, that is the number of contributing loci and their distribution of selection and dominance coefficients, is generally unknown and it is unclear to what extent it is important. Miklos and Rubin (1996) estimated the number of loci with lethal mutations in the genome to be on the order of thousands for a number of animal species and on the order of hundreds for Arabidopsis thaliana. Here, we focus on fully recessive lethal mutations and compare two values for the underlying number of loci, n, 100 and 1,000. The initial allele frequencies per locus will be higher in the case of 100 loci than in the case of 1,000 loci. Therefore, we expect initially more homozygotes and therefore a lower initial population growth rate with 100 loci. For the same reason, however, purging may be more efficient with 100
loci.
In Appendix S3, we explore three alternative genetic architectures underlying a given number of lethal equivalents. First, we assumed a set of lethal mutations that all have dominance coefficient h = 0⋅05. In natural populations, however, inbreeding depression will be due to the combined effects of many loci with different parameters. Secondly, we therefore considered a distribution of selection and dominance coefficients estimated for yeast (Agrawal & Whitlock, 2011) , the only species, to our knowledge, for which such detailed information is currently available. Thirdly, we assumed that half of the lethal equivalents are due to lethal mutations and the other half due to mutations of smaller effect, as has been suggested for Drosophila (Mukai, Chigusa, Crow, & Mettler, 1972) . In the latter two cases, we also took into account that mutations can have different equilibrium frequencies in the source population, depending partly on their parameters and partly on chance effects. We hypothesized that different genetic architectures with the same number of lethal equivalents will exhibit a similar degree of inbreeding depression initially, but that they could differ substantially in how readily deleterious mutations can be purged by small populations. For example, small-effect mutations might be more difficult to purge than lethal mutations (Wang et al., 1999) .
| Analysis
For each set of 1,000 replicate simulations, we computed the proportion of successful populations, P. Since the initial genetic configuration is drawn independently for each replicate population, P represents an average over possible configurations of the founder population, given the number of lethal equivalents, b, in the source population. To visually check for the signature a strong Allee effect, we plotted P as a function of founder population size, N 0 .
To further summarize the results and to formally check for the presence of an inflection point, we fit to our simulated data a function that has been previously used to phenomenologically model Allee effect success probabilities (Drake, 2004) : the cumulative distribution function of the Weibull distribution For different choices of the scale parameter λ and the shape parameter k, Equation (1) can represent a wide range of successprobability curves ( Figure S1 ). For k > 1, Equation (1) represents the success probability under a strong Allee effect with critical population size which is the founder population size at which the second derivative
does not have such an inflection point and therefore Equation (1) can also be used to represent success probabilities in the absence of an Allee effect. In fact, for k = 1, Equation (1) is of the form P(N 0 ) = 1 − u N 0 with constant u. This is the formula for the survival probability in a branching process, a model in which individuals produce offspring independently of each other and according to the same distribution (Karlin & Taylor, 1975) . Therefore, Equation (1) with k = 1 is a natural null model for the detection of Allee effects.
To fit Equation (1) to the success probabilities estimated from the simulations, we used the nonlinear least-squares method as implemented in the "nls" function in r (R Core Team 2014). In some cases, the estimated value of k was above one, but the inflection point was at small population sizes and small success probabilities such that the success-probability curve was not markedly sigmoid. To highlight those cases that are biologically more relevant, we say that there is a "meaningful strong Allee effect" if the success-probability curve has an inflection point and if the success probability at this inflection point is at least 1/3.
| RESULTS
One after another, we will now consider the results for the four sets
We start with the case of only demographic stochasticity (D). Previously, Dennis (2002) showed that demographic stochasticity alone does not produce a strong Allee effect. This finding is generally confirmed by our simulation results ( Figure 1a ). Success probabilities rapidly increased with increasing founder population size. The success-probability curves were concave in the entire simulated range. The shape parameter, k, of the Weibull model was estimated to be slightly larger than one, but the resulting critical population sizes were below five, the smallest simulated founder population size and also associated with a very low success probability such that there was no meaningful Allee effect. A comparison with a hermaphroditic model version (Appendix S2) suggests that the small deviation from the expectation of k = 1 is due to random fluctuations in the sex ratio, which can cause extinction of very small populations in the two-sex model.
Also as expected, mate-finding problems in the absence of genetic problems (D + E) did lead to clearly sigmoid success-probability curves and therefore meaningful strong Allee effects (Figure 1b) . The position of the inflection point, that is the critical population size, increased with decreasing encounter rate, r, and with decreasing fecundity, w.
For populations with only genetic problems (D + G), the shape of the success-probability curve strongly depended on the number of lethal equivalents, b, that is the average number of lethal mutations carried by individuals in the source population, and on the number of loci that supplied these lethal mutations (Figures 1c,e and 2 ). With 1,000 loci, we obtained meaningful genetic Allee effects with clearly sigmoid success-probability curves for sufficiently large values of b, approximately 4-6 depending on w (Figures 1c and 2a) . For smaller values of b,
for example 2, the model fit indicated a small critical population size, but the curve was not strongly S-shaped and the Allee effect was not meaningful according to our definition since the success probability at the estimated critical size was very low. For very large numbers of lethal equivalents, success probabilities were low over the entire simulated range and no critical population size was estimated.
For the same number of lethal equivalents, success probabilities were substantially lower with 100 contributing loci than with 1,000 loci (compare Figure 1e-c) . This reduction in success probability occurred over a broad range of founder population sizes such that the S-shape was less pronounced than with 1,000 loci and our criterion for a meaningful strong Allee effect was often not fulfilled. However, in some cases with high numbers of lethal equivalents and high fecundity, meaningful strong Allee effects still emerged (Figure 2b ). Both with 1,000 and with 100 contributing loci, estimated critical population sizes increased with the number of lethal equivalents, b, and with decreasing fecundity, w (Figure 2) . Also, despite large differences in overall success probabilities, the critical population sizes estimated for 100 and 1,000 loci were closely correlated ( Figure S2 ). Additional simulations with 5,000 loci yielded very similar results as for 1,000
loci, but critical population sizes were slightly lower ( Figure S3 ). As expected, critical sizes were insensitive to the choice of target population size ( Figure S4 ) and to whether or not homozygous individuals were admitted to the founder population ( Figure S5 ).
To elucidate the eco-evolutionary dynamics underlying the various success-probability curves for the D + G scenario, we considered the average population size trajectories and the average numbers of lethal alleles per individual in populations that are successful in the end (Figure 3a -f, see Figure S6 for the corresponding results for failed populations). For few lethal equivalents, the average population size of successful populations increased monotonically over time (Figure 3a) .
For a larger number of lethal equivalents non-monotonic populationsize trajectories were common (Figure 3b and c) , but took different forms depending on the underlying number of loci.
With 1,000 loci, all founder populations grew initially (Figure 3b ).
Although the average number of lethal equivalents declined from the start (Figure 3e ), the variance in allele frequencies across loci increased over the first few generations at small population size ( Figure S7e ), indicating that some lethal mutations could drift to higher frequencies. As a consequence, lethal homozygotes at these loci became more common 
and the populations declined, often to numbers well below the founder population size (Figure 3b) . Eventually, after a sufficient amount of genetic load had been purged, populations recovered. However, populations with large population size often survived without substantially reducing the number of lethal mutations per individual (Figure 3e ).
With 100 loci, lethal allele frequencies per locus were higher by design and therefore unrelated parents had a lower probability of producing viable offspring than with 1,000 loci. Consequently, the initial growth phase was missing and in some cases all populations declined to low numbers, no matter how large they were initially (Figure 3c ).
Successful populations of all initial sizes purged their lethal alleles almost entirely before recovering (Figure 3f ). For all values of b and n, mean allele frequencies decreased monotonically over time, while the variance across loci first increased and then decreased again ( Figure S7 ). The smaller the founder population size, the larger was the maximum variance in allele frequency.
Finally, we considered scenarios with ecological and genetic problems acting in the same population (D + E + G). For this, we combined the mate-finding Allee effect with an encounter rate, r, of 0.02 with various genetic Allee effects. Success probabilities were lower than in the corresponding other sets of simulations, and critical population sizes were higher (Figure 1e and f). In many cases, however, success probabilities were so low over the entire range of founder population sizes that no critical population size could be estimated.
With 1,000 loci, the critical population size with both ecological and genetic problems acting closely matched the sum of the two individual critical population sizes (Figure 4a ). According to the terminology of Berec, Angulo, and Courchamp (2007) , ecological and genetic Allee effects are additive in these cases. This additivity was maintained when we increased the number of contributing loci to 5,000 ( Figure S3 ). In contrast to the case with just genetic problems (D + G, see Figure 3b 
| DISCUSSION
| Genetic Allee effects
Our results indicate that recessive lethal mutations can indeed lead to a meaningful strong Allee effect with a sharp increase in establishment probability around a critical population size, but only under certain conditions. Most importantly, the average number of lethal mutations per haploid genome in the source population (lethal equivalents) needed to be larger than around five. Given that the average bird or mammal population has been estimated to carry approximately six haploid lethal equivalents (O'Grady et al., 2006) , we expect that a large proportion of species will be susceptible to such strong genetic Allee effects.
For the same number of lethal equivalents, we found qualitatively different eco-evolutionary dynamics depending on whether the lethal equivalents were distributed across 1,000 or 100 loci. With 1,000 loci, lethal allele frequencies at each locus were small enough initially so that small founder populations of initially unrelated individuals started to grow. It took some generations of mating between individuals in the small population for relatedness to reach high levels and therefore for genetic load to manifest itself and inbreeding depression to take effect (see Figure 3b ). While populations with small founder size then declined to extinction, larger populations usually managed to purge their deleterious mutations and eventually recovered. Although inbreeding depression is not the only possible explanation, cases where a small founder population first increases substantially and then declines have 
G)
been observed in nature, for example for the Isle Royale gray wolf (Wayne, Lehman, & Girman, 1991) .
With 100 loci, by contrast, lethal allele frequencies per locus were relatively high to start with. Consequently, even unrelated founder individuals failed to produce enough viable offspring and populations of any size declined from the start. If founders could be assumed to stem from a large source population at equilibrium and under the same selection pressures as the newly founded population, high lethal allele frequencies would be implausible. However, high initial lethal frequencies might occur if the founding event or reduction in population size is accompanied by a sudden change in the environment such that mutations that were previously neutral or slightly deleterious are now lethal. Such an emergence of new lethal or almost lethal mutations has been demonstrated for example in Drosophila melanogaster under high temperature and other stressful conditions (Bijlsma, Bundgaard, & Van Putten, 1999) . Populations would then need to adapt to the altered conditions, that is purge the newly lethal mutations, to escape extinction.
More generally, our results suggest that with an increasing number of loci contributing to inbreeding depression, success-probability curves become more and more sigmoid with increasingly sharp extinction thresholds (compare, e.g. Figures 1c,e , and S14). Lethal equivalents concentrated at relatively few loci can strongly increase extinction risk, but they do so over a wide range of founder population sizes. Consequently, there is no clear extinction threshold. In Appendix S4, we consider the extreme case of fully recessive lethal mutations at a single locus and derive an analytical approximation for the success-probability function. As for the model with just demographic stochasticity, the success probability can be written in the Weibull function form of Equation (1) with k = 1. This result indicates that fully recessive lethal mutations at a single locus, no matter how frequent they are, never cause a strong genetic Allee effect. The key intuition underlying this result is that, since heterozygotes have the same fitness as wild-type homozygotes, reproduction of wild-type lineages is in no way affected by the presence of lethal mutant alleles in the population.
The genetic Allee effects documented in this study were characterized by non-monotonic population-size trajectories for a range of founder population sizes (see Figure 3 ). This makes them qualitatively different from simple ecological Allee effects where growth rate just depends on population size and non-monotonicity is consequently not possible (it would imply two different growth rates at the same population size). However, more complex ecological scenarios can also cause an Allee effect with non-monotonic population-size trajectories.
For example, in a spatially explicit model of a mate-finding Allee effect (Berec, Boukal, & Berec, 2001) , the members of the founder population were initially randomly distributed over a wide area. Thus, it was at first difficult to find mating partners and the population declined.
Over time, however, high-density clusters formed around successfully mated pairs. As mate finding within these denser clusters was easy, the population eventually recovered. Also feedbacks with other species, for example between predators and prey, could potentially cause Allee effects with non-monotonic dynamics.
| Interaction between ecological and genetic Allee effects
When multiple strong Allee effects due to different mechanisms act in the same population, one might expect that a population will survive if it is above the largest of the critical population sizes of the individual Figure 4) . That is, populations with founder sizes well above the critical sizes of both ecological and genetic Allee effect still went extinct when both acted together. This phenomenon can be explained by the non-monotonicity of population-size trajectories under a genetic Allee effect (see Figure 3) . Over a wide range of founder population sizes, even eventually successful populations declined to sizes well below the founder size. In the absence of an ecological Allee effect, these populations recovered via purging. In the presence of an ecological Allee effect, purging still occurred, but it could no longer save populations whose size had dropped below the critical size of the ecological Allee effect.
With 1,000 loci (and also with 5,000 loci), interactions between ecological and genetic Allee effects were strikingly close to additive (see Figures 4a and S3b) . With 100 loci, the interaction was generally superadditive (see Figure 4b) . Even if the critical population size was small with only genetic problems acting, genetic problems caused large increases in critical population size when added to a population already suffering from mate-finding difficulties. In Figure 5 , we offer a heuristic explanation for the emergence of additivity at 1,000 loci and superadditivity at 100 loci.
If we were to examine values for the number of loci between 1,000 and 100, we would expect increasingly superadditive interactions with decreasing number of loci. In fact, even with 1,000 loci, the interaction appears to be not exactly additive, but very slightly superadditive (see Figure 4a ). For numbers of loci beyond 1,000 or 5,000, we would expect the interaction to remain additive. Already with 1,000 loci, it is quite unlikely that multiple individuals in the founder population carry a mutation at the same locus. If we increase the number of loci while keeping the number of lethal equivalents constant, we eventually reach a point where every lethal mutation is unique in the founder population, at which point further increases in the number of loci have no effect.
Given that two Allee effects in our study generally interacted additively or superadditively, one might wonder whether this pattern will hold up with more than two Allee effects acting in the same population. For example, there could be an additional predator-induced Allee effect or an Allee effect due to a different genetic problem, such as mutational meltdown. We conjecture that further Allee effects associated with non-monotonic population size trajectories will substantially increase the critical population size. By contrast interactions involving multiple Allee effects with monotonic population size trajectories will supposedly be subadditive. This is supported by our observation that ecological and genetic Allee effects were subadditive when half the lethal equivalents were due to recessive mutations of small effects that apparently could not be purged such that population-size trajectories were generally monotonic. Exploring these hypotheses is an interesting direction for future work, especially given that many small populations face multiple challenges, both ecological and genetic.
| Robustness and potential limitations
In this study, we have assumed for simplicity that all loci recombine freely, that is that there is no linkage between loci. This may appear unrealistic if the number of loci is on the order of thousands and thus the average genetic distance between loci must be relatively small.
However, both in our simulations and in the empirical studies that motivated our parameter choices (see Table 1 in O'Grady et al., 2006) , the average number of lethal mutations carried by an individual was at most on the order of tens. Therefore, loci with mutations tend to be far apart in the genome and segregate almost independently. In any case, closely linked lethal mutations essentially behave like lethal mutations at a single locus. Hence, also the empirically derived estimates for the number of lethal equivalents represent an effective number of unlinked mutations rather than the actual number of mutations. Thus, the assumption of free recombination appears generally justified.
We have further assumed that generations are discrete.
Overlapping generations may substantially increase the survival prospects of small populations because long-living adults can attempt multiple times to find a partner and produce viable offspring. In some species of invasive plants, small populations can even reproduce clonally until sufficient pollen of the right genetic types becomes available F I G U R E 5 Intuitive explanation for (a) additivity of Allee effects with n = 1,000 loci and (b) superadditivity with n = 100 loci. C D+E ,C D+G and C D+E+G , respectively, are the critical sizes with only ecological problems, only genetic problems, or both. In each panel, the curves are cartoons of two typical population-size trajectories (or a deterministic approximation to the original stochastic model if you will) for populations with only a genetic Allee effect (D + G), one starting at founder population size C D+G and the other at C D+G + C D+E . Since C D+G is the critical population size, a typical trajectory starting at this founder population size almost reaches population size zero at its lowest point, if it is successful at all. In the case of 1,000 loci (a), the simulation results (see Figure 3b) suggest that over a range of founder population sizes, typical trajectories for different founder sizes are merely shifted by a constant. Therefore, populations starting at size C D+G + C D+E will have approximately size C D+E as the lowest point. Now we add an ecological Allee effect and assume that it only affects populations once they are close to its critical size, C D+E . We see that C D+G + C D+E is the founder population size for which a population barely escapes the ecological Allee effect and therefore extinction. Thus, C D+E+G ≈ C D+G + C D+E . In the case of 100 loci (b), population-size trajectories for different founder population sizes did not merely differ by a constant. Over a wide range of founder population size, populations first crashed to very small sizes because of large lethal allele frequencies (see Figure 3c) . Therefore, populations with founder size C D+G + C D+E typically go extinct if the ecological Allee effect is added. Thus Kettenring, Baron, & Whigham, 2010) . However, it is currently not clear whether such effects only increase overall success probability or whether they change the qualitative shape of the success-probability curve.
Our explorations of alternative model versions indicate that the presence of genetic Allee effects is robust to changes in the details of the mating system (see Appendices S1 and S2), but is more sensitive to the genetic architecture underlying a given number of lethal equivalents (see Appendix S3). Nevertheless, strong genetic Allee effects emerged for suitable parameter combinations under all genetic architectures we considered. In particular, the most complicated and most realistic architectures produced some of the clearest cases for strong genetic Allee effects (see Figures S13 and S14 ).
| Implications for endangered and introduced populations
Although our models are too simplistic to derive specific recommendations for the management of endangered or introduced populations, we can highlight a few areas where an understanding of genetic Allee effects and their interactions with ecological Allee effects may be helpful. First, neglecting the possibility of a genetic Allee effect may cause us to make overly optimistic predictions for the fate of an endangered species. For instance, if a small population grows after a population crash, we might assume that it will keep growing and quickly recover to its previous size. However, our results suggest that populations with a strong genetic Allee effect often grow initially but then decline to extinction due to inbreeding depression.
Our results further suggest that it can be very important to account for the interaction of ecological and genetic problems when assessing the viability of endangered populations. As an example, imagine we are worried about the fate of a particular population that has just been decimated to approximately 450 individuals by a severe drought. We now independently carry out two analyses. First, an analysis of mating success and other ecological variables tells us that a population size of approximately 200 individuals is necessary to avoid extinction from ecological problems. Secondly, a genetic analysis informs us that about 300 individuals would be enough to avoid extinction due to inbreeding depression and other genetic problems. Since the population is well above either of these critical sizes, we might come to an optimistic prognosis. However, our simulation results indicate that critical population sizes of ecological and genetic Allee effects are generally additive or even superadditive and thus that the combined critical population size will be around or above 500. Therefore, our population may in reality be at high risk of extinction and active protection measures should be taken. One possibility would be to introduce individuals from carefully selected populations at other locations or even from other subspecies (Hedrick & Kalinowski, 2000) , as has been done for example for the Florida panther (Johnson, Onorato, & Roelke, 2010) .
Finally, taking into account genetic Allee effects and their interaction with ecological Allee effects may help with intentional introductions of biological control agents or with re-introductions of extinct populations. For example, previous work has shown that in the presence of a strong Allee effect and given a fixed number of individuals available for introduction, it is better to make few large introductions rather than many small introductions (Grevstad, 1999; Shea & Possingham, 2000; Wittmann, Metzler, Gabriel, & Jeschke, 2014) . In the presence of a genetic Allee effect, one should additionally try to select founder individuals from diverse genetic backgrounds.
| Future directions for research on genetic Allee effects
The study by Luque et al. (2016) and our study are only first steps in the exploration of genetic Allee effects. There are several important directions for future research, both empirical and theoretical. For instance, we need to find ways to specifically detect strong genetic Allee effects in data from natural or experimental populations. Although we have shown in this study that strong genetic Allee effects are characterized by a sigmoid success-probability curve, this signature is not specific to genetic Allee effects but can also be caused by other types of strong Allee effect. As discussed above, also additional observations of non-monotonic population size trajectories, although suggestive of a genetic Allee effect, may not be entirely specific. In an experiment, one may additionally quantify success probabilities for populations that have previously been purged of their deleterious mutations via a series of generations of systematic inbreeding. If we observe a sigmoid success-probability curve for populations without prior purging, but not for populations with prior purging, this would be evidence for a strong genetic Allee effect caused by inbreeding depression. Since such analyses require many replicate populations with a range of initial population sizes, they are virtually impossible for natural populations or even endangered species. But they might be feasible in laboratory experiments on organisms with short generation times such as Drosophila. For example, Kramer and Drake (2010) attempted a similar analysis to study predator-mediated Allee effects in a Daphnia-Chaoborus system. However, it is important to carefully consider whether and how results on model organisms in the laboratory apply to endangered or introduced populations in the wild.
Another important goal is to improve our understanding of the genetic architecture of inbreeding depression in species of concern.
Our simulation results indicate that even for the same number of lethal equivalents, a population's survival prospects can depend strongly on the number of loci with deleterious mutations and the distribution of selection and dominance coefficients. Yet, these parameters are generally unknown. Often, we only know the average number of lethal equivalents for some other species in the same broad taxonomic group, for example birds or mammals (O'Grady et al., 2006; Ralls, Ballou, & Templeton, 1988) . This quantity is then used, for example as input for population viability analyses, combined with ad hoc assumptions about the genetic architecture. Fortunately, detailed data on the distribution of selection and dominance effects are now becoming available for some model organisms, for example yeast (Agrawal & Whitlock, 2011) . Such studies are extremely labour intensive and require the systematic generation of mutants, such that they are certainly not feasible for actual species of concern. However, it would be very helpful to have results for a number of model organisms from different taxonomic groups. If the distributions of selection and dominance coefficients, for example, are consistent across groups, then we may be more confident in using them also to model the dynamics of endangered species.
On the theoretical side, important questions are whether and under what conditions loss of genetic variation and mutation accumulation, the two other main genetic problems of small population size, can also give rise to a strong Allee effect. As a next step, we are planning to explore the relationship between population size and the extinction risk of a population in a temporally fluctuating environment.
Since ecological Allee effects can influence the amount of genetic variation maintained by a founder population (Kramer & Sarnelle, 2008; Wittmann, Gabriel, & Metzler 2014a,b) , we expect to find interesting interactions between ecological Allee effects and these genetic problems.
